
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 172, October 1972

EXTREME INVARIANT MEANS WITHOUT MINIMAL SUPPORT^)
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LONNIE FAIRCHILD

ABSTRACT.   Let S be a left amenable semigroup.   We show that if S has a

subset satisfying a certain condition, then there is an extreme left invariant

mean on S whose support is not a minimal closed invariant subset of ßS.   Then

we show that all infinite solvable groups and countably infinite locally finite

groups have such subsets.

1. Introduction.   If S is a left amenable semigroup with the discrete topology

and ßS its Stone-Cech compactification, then S acts on  ßS by the continuous ex-

tension to  ßS of left translations by elements of S.   There is a one-to-one corre-

spondence between the ergodic measures on  ßS and the extreme points of the set

of left invariant means on  772(5).   It is easy to show that every minimal closed in-

variant subset of ßS  is the support of at least one ergodic measure.   Wilde, in

[8], gives a condition for the support of every ergodic measure on  ßS to be a mini-

mal closed invariant set, and Chou has proved that there are ergodic measures on

ßN without minimal support [l].

In §3 we show that a necessary and sufficient condition for the existence of

such nonminimally supported ergodic measures is the following:   S has a subset A

such that  (p(Xa ) > 0 for some left invariant mean <p on  772(5), but <p(X   .i.)^

for every left invariant mean <fj and every finite subset K of S.   In §4 we prove that

every countably infinite locally finite group contains such a subset and that every

infinite solvable group has a subset A with the following stronger property:   <p(Xa^

> 0 for some left invariant mean cp on 77z(5), and for each positive integer k there

is a finite set 5, C S such that 5, s it K~  A  fot every  s £ S and every subset K

of S with  |K| <¿.

2. Preliminaries.  We will follow Day [2] for notation and terminology on in-

variant means.   Let J be a semigroup, m(S) the Banach space of bounded real func-

tions on S with the sup norm, m(S)* the dual of m(S), and l.(S) the space of real

functions 6 on S such that  ||0|| j = 2>s€S \0(s)\   is finite.   Let Q denote the isometry

from /j(5) into 772(5f given by Qd(f) = 2s£S f(s)6(s) fot 6 £^(S) and/ £ m(S).   If we

identify each element s of S with the characteristic function  X\   ! in ¡A^), we get

Qs(f) = /0s) for all f£m(Sf.   For s in S, the operator  /    from 772(5) into 772(5) is
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defined by / f(t) = f(st) fot all r in 5 and / in 772(5).   Let I     be the adjoint of 7 .

M(5) will denote the set of means on ?7z(5), and Ml(S) the set of left invariant

means.   We will regard  ßS as the set of multiplicative means with the w* topology.

If U is a subset of ßS,   U~ will denote the w* closure of U.   If A C S, then (QA)~

is open in  ßS and all the open and closed subsets of ßS ate of this form.   ßS is

extremally disconnected and the open and closed sets form a base for the topology.

For other properties of ßS, see Gillman and Jerison L3].

The Arens multiplication ©on  m(S)* is defined as follows:   If p, v £m(S)* and

f£m(S), let pQv(f) = <i(y Qf) where v ©f(s) = v'lJ)fot all s£S.   This multiplication

makes  772(5)* into a Banach algebra.   We will use the following properties of 0 (see

Day [2]):

(1) /M(5) and ßS ate each closed under Q.   (2) If s £ S and p£m(Sf, then

ös©p = l*p.   (3) Q(st)= QsOQt fot all s, t£S.   (4) If v£m(Sf is fixed, then the

mapping p. —> p.®is is w*-w* continuous.   If d£lx(S) is fixed, the mapping p —♦

QÖQp is w*-w* continuous.   (5) If p £ Ml(S) and v £ M(S) then p Ov £ Ml(S) and

v ©ÍÍ = p.

Let  C(ßS) be the space of real-valued continuous functions on  ßS.   Let T be

the isometric algebra isomorphism C(ßS) onto 7tz(5) given by Tf(s)= f(Qs) for all

s eS and f£m(S).   Define P from 772(5)* onto C(ßS)* to be the adjoint of T.   By the

Riesz representation theorem we can regard  C(/35)* as the space of regular Borel

measures on ßS.

If K C 5 and U C 735, let  gK- ! © ÍT = {p e /35: Qs 0 p. £ U, fot some s £ K}.   If

A C 5,    let K_1A =   {t £ S: st £ A fot some s £ K\.   If p £m{S )*, then p e/M/(5) iff Pp

is a probability measure on ßS such that Pp(Qs~   O U) =  Pp(LJ) for each s e5 and

each Baire subset U of ßS.   Pp. is called invariant if p is left invariant.   If 5 is an

infinite right cancellation semigroup and p£Ml(S) then Pp(QS) = 0.

An invariant probability measure A on ßS  is called ergodic if A(A) = 0 or A(A)

= 1" for all Baire sets A which satisfy A(A à(Qs~l 0A)) = 0 for each s e5.   A left

invariant mean p  on ttz(5) is an extreme point of the convex set  M/(5) iff Pp. is

ergodic.   (See Phelps [7, p. 8l].)

A nonempty subset 1/ of ßS is said to be invariant if Qs © il C U fot all s € 5.

In this case we have wOi/C U for all oj £ ßS.   U is called minimal if it is closed

and invariant and minimal with respect to this property.   If a> £ ßS, let o(ùj) =

{QsQco:   s£S\.   Then  o(&))— is a closed invariant set.

If 5 is left amenable and F is a closed invariant set, then for each a>£ F and

p£Ml(S),  P(pQcú) is an invariant measure with support contained in F.   The fol-

lowing proposition was proved by Wilde and Witz [9, p. 583] for the case where 5

has two-sided cancellation.

2.1 Proposition.   If S is a semigroup and p£Ml(S) then the support of Pp. is

an invariant set.
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Proof. Suppose a> esupp Pp. and s £S.   Let QA~ be a basic open neighborhood

ofösOoj.   Then Qs~lQQA~  is open and contains co.   Thus, 0 < Pp(Qs~l OQA~)

= Pp(QA~).   Since QA~ was arbitrary, we get Qs Qoj esupp Pp.

We say that an element u> of ßS  is a left almost periodic point provided that

for every neighborhood U of co there is a subset A of 5 satisfying:   (1) there exists

a finite subset K of 5 such that 5 = K_1A, and (2) QAOcoC U.

3.   Minimal sets and supports of invariant measures.   In this section we consider

the relations among the set A    of almost periodic points in ßS, the set B    of ele-
r

ments of ßS which belong to some minimal set, and the set  K    of points which are

in the support of some invariant measure.   We prove that  A    = B    and A    C K    for

any left amenable semigroup 5.   The main result is Proposition 3.4 in which we

show that if 5 has a C-subset, then  KS\AS ¡¿ 0.

From now on 5 is always assumed to be a left amenable semigroup.   It is proved

in Gottschalk and Hedlund [4, p. 32] that if 5 is a group then A    C B   .   We extend

this by the following proposition.

3.1    Proposition.   // 5 is any left amenable semigroup, then A    = B  .

Proof.  First, let T be a minimal subset of ßS and assume eo£T.   Since T is

minimal, T = o(co)~.   Let U be an open neighborhood of co and suppose there exists

an element v in T\(QS~i  O U).   If s£S, then Qs Ov is in T since T is invariant.

If Qs Ov is in QS~l ©(/, there exists teS such that Q(ts) 0 v = Qt OQs Ov£U.

Then we get v £ Q(ts)~l 0 U, which contradicts our assumption that v is not in

QS~l SU.   Hence we must have Qs Ou£T\(QS~1Q U), so ^(QS'1 OU) is a

closed invariant set.   Since T is minimal, this implies that  T O (QS~    OU) - 0.

But then tu is not in  QS~    0 U and o(co) 0 0 = 0.   This is a contradiction since U

is open and co £ T = o(cô)~ .   Therefore, r\(QS-1 O U) = 0 and T CQS~l OU.

Since T is compact, there is a finite subset K oí S such that  T C QK~    OU.   Let

A =\s £S: Qs ©<u £ U\.   If s e5, there is a k £ K such that Q(ks) 0cu = Qk OQs 0<u

£U,soks£A.   Hence S = K~lA and co £AS.

Now, assume co £A    and let T be a minimal subset of o(co)~.   Suppose co is

not in T.   Let (7 be an open neighborhood of co such that U~ C\ T = 0.   S has a sub-

set A and a finite subset K such that QA 0 6J C U and 5 = K~ A.   Since k £ K,

s £S, and ks £A implies that Qs Q eo£Qk~1 OQA Oo C Qk'1 O U, we have o(co) C

OK"1 OU.   Hence  o(co)- C(QK~X OU)' CQK-1 0U~.   If k £ K and (Qk~ 1 O U~)C\

T ¿ 0, fot some /i £ ßS we would have Q¿0íxeíJ~n (24 0T)C (i"n T = 0, which

is impossible.   This gives T C (o(eo)~ C\ T) C (QK      © U~)n T = 0, which contra-

dicts  T ¿ 0.   Therefore, <w £ T.

3.2 Corollary.  As C KS.

Proof.   If T is minimal and contains the support of  P^i, then T - supp(Pp).
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If A C 5, we define 3(A) to be supí0(x/1): <peMl(S)\.   Mitchell [6, p. 253]

proved that for each / in t?2(5), the set  Í0(/): <f>£Ml(S)\  is a closed interval.   Hence,

3(A) =1 iff <f>(xA ) = 1 for some <peMl(S).

If A C 5, we call A a C-subset of 5 provided that

(a) 3(A) > 0, and

(b) d(K~ A) < 1  for every finite subset K of 5.

3.3 Lemma.  7/5 is a semigroup, A C 5, and se 5, ¿èe« Qs~    QQA~ =

(Os"1© QA)- = Q(s-lA)~.

Proof.  Clearly, eCs-Mrc^-1©   O^TCgs-1 © QA~.   Suppose  co£Qs~l 0

QA~.   Then Qs O o £QA~.   Let  (Q/a) be a net in Ç5 which converges to <u.   Then

lim Q(sta) = lim (Qs ©öia)= 05 0(aeö^_-   Since ö^~ is open, there exists aQ

such that a> aQ implies ö(-sia)eÖA-.   But ö^ n ö^~ = QA, so s'a e ^ for a > aQ

and thus  ta£s~lA.   Hence  co = lim Qta£ Q(s~ lA)~, which shows that 0s~ 1 ®

QA- = Q(s-1A)-.

3.4 Proposition.   Suppose S contains a C-subset A.   Then QA~ O (A   V~ = 0

a«i7 Xs n £4" ^ 0 (ana7 r7>zzs ASSKS).

Proof.  Assume there exists  a>£QA~ O A   .   Then, since  2^_  is open, 5 has

a subset ß and a finite subset X such that 5 = K~   B and öß ©<¿> C Ö^_-   Thus,

o(oj)= Q(X-1ß)0a.C ÖX_1 ©Öß ©<a CÖX-1 OQA~ = Q(K-lAy, by Lemma 3.3.

Therefore, o(a))- C Q(K~  AJ~.   Since  o(co)~ is a closed invariant set, there exists

<p£Ml(S) such that supp(P0) C Q(K~lA)~.   Then (ply ) = 1, which contradicts

the definition of C-subset.   Thus  Ö^~ ^ /1s = 0.   Since CM- is open, QA~ n (As)~ =

0.   But, since ¡?(A) > 0, QA~ Cx Ks / 0.

3.5 Corollary.  Suppose S has a C-subset A.   Then there is an extreme point 0

of Ml(S) such that the support of Pep is not a minimal set.

Proof.   There exists 0 £ Ml(S) with 0(X/i ) > 0, so there is an extreme point 0

of M/(5) with cf)(yA)> 0.   Then o-4" n supp(P0) ¿ 0.   But QA~n As = 0, so by

Proposition 3.1, supp(P0) is not a minimal set.

Chou implicitly proves 3.4 and 3.5 in [l] for the case where S = N.   Since

QA~ n (A   )~ = 0 in Corollary 3.5, we have actually shown that the support of  P0

properly contains the closure of the set \\J \T C supp(P0): T is a minimal set!.

Thus 0 is not in the w* closed convex hull of the set  \p £ Ml(S): supp(Pp) is a min-

imal set!.

3.6 Proposition.  Suppose S does not have any C-subsets.   Then  K   C (A   )~.

Proof.  Let &) be in  K   and let U be an open neighborhood of a>.   There is a

subset A of 5 such that <x> £QA~ C U.   There is a left invariant mean 0 with

4>(Xa ) -* 0-   Since A is not a C-subset of 5 there is a finite subset K of 5 such
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that d(K~lA)= 1.   Thus there exists iff £ Ml(S) such that supp(Piff) C Q(K~ l A)~.

Hence there is a minimal set T C Q(K~ lAT~ C QK~ : 0 QA~.   Choose co0eTand

k£K so that QKOcoQ£QA~ C U.   Then Qk Oojq£T D U, so U n AS fi 0 by Prop-

osition 3.1.   Since U was arbitrary, we get co £ A   .

4. Semigroups with C-subsets and C -subsets.   In this section we prove the

existence of C-subsets for certain semigroups.

Z will denote the additive group of integers, and N the positive integers.   If

x, y eZ, let [x, y]= \a £ Z: x < a < y\.   If k £ N, a k-chain is a subset A of Z such

that   |c — ¿|< ¿ whenever c and d are two consecutive elements of A.   A ¿-chain A

has length n if \A\ = n.   If ß is a set, |ß|   denotes the cardinality of B.

A subset /I of a semigroup 5 is called /e/c thick if for every finite subset K

of 5, there exists  s„ e5 such that Ks„ C A.   We need the following theorem.

4.1 Theorem (Mitchell [6, p. 257]).   // 5 is a left amenable semigroup and A C

5, then d(A) = 1 iff A is left thick.

A subset A of 5 is said to be a C -subset of 5 if

(1) 2(A) > 0, and

(2) for each k£N, there exists a finite subset 5,  of 5 such that for all s   £

5 and K C 5 with | K|< ¿ we have 5^ V K~ lA.

Condition (2) implies that for each finite set K, K~ A is not left thick, so by

Theorem 4.1, every C -subset of 5 is a C-subset.

Chou [l] has constructed a C-subset of N (or Z). We will generalize this con-

struction to show that Z (or N) has a large number of C -subsets.

4.3   Theorem.   // A is a left thick subset of Z (or N), then A contains a C -sub-

set D of Z (or N).

Proof.  We will prove the proposition for Z.   Either An N or A O (- N) is

left thick.   We will assume A O N is left thick; a symmetrical argument works in

the other case.

By the definition of left thickness, there exists   b. in A such that b2 = b. +

1 £A.   Let  Bj = {by, b2\.   Assume  Bx, B,, • ■ • , B, and bx, • • < , b  , where p =

X.      .2', ate defined.   There exists  ¿V    , £A such that b.    , > b.  and B,    , =
7    =   1' 77+1 p+ 1 p Ä+1

^+i,^+i + 2^-1-l]CA.   Let  bp+. + 1 = bp + l  +;for;=0,l,...,2*+1-l.

Then B = U iß/,: ^N| is a left thick subset of A.

Let A j = i&j, ¿>2, e, j. Assume we have constructed A j, • • • , A . Let 0(72) =

\A   \ and let d(n)= \{b.£B: b.< supA   ,  b.£A   \\.   Define A      , = A    U

ièa(77) ♦ d(n) +n+f- bj 6 AJ U 1*2*0,) ♦ 2d00 ♦ 277 + /» è; £ AJ'    Let  D = U^ < 6 M-

If we let  /   = í¿: è  eA   !  for each n in /V, then we eet  /   . t m I    \j (J    + n +
J n i        n ' c>Jn+lJnJ7i

S"P/„)U (Jn+ 2n+2 supJJ.

For 72 in N, define  <pn in M(Z) by 0n(/) = (l/»)2"a,  /(¿.) for all / in m(Z).
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We will show that the sequence  (0  ) is  w* convergent to left invariance.   For

each «, let k(n) be the integer which satisfies  b   6ß,,  ..   Then « > 2   *■"' — 1, and

\*¿0-W-

kin)

y = l     \i<n:bieBj

f(b.)-f(bj + l

k(n)-l
<2\\f\\k(n)/n<2\\f\\k(n)/2

Thus lim |0n(/) - cpn(lxf)\ = 0. Let ^„ = <£a(n) + ¿>n) for each « in TV and let 0 be

a w* limit point of the sequence  (0  ).   Then iff £ Ml(Z).   We have

^n(XD) = \D rx \by b2, ■ ■ • , ¿a(„)w(„)i|/(«(«) + din)) = a(n)/(a(n) + d(n)).

We have a(« + 1) = 3a(«) for « in TV, and a(l) = 3. Hence a(«) = 3" for each «. Also

d(n + 1) = 3a"(«) + 2« for « in TV and d'l) = 0. Hence d(n) = 1 - « + (3" - 3)/2. This

gives 0„(xD) = 3"/(3" + 1 - « + (3" - 3)/2) > 2/3, so 3(D) > 0(Xd) > 2/3.

Note that if k£N, every /e-chain in D has length < a(£).   Also, if E is a /e-chain

of length « then  (supE - inf E) < (« - 1)£, and if y - x > nk + k then [x, y]  con-

tains an interval of the form  [p, p + k - l] which does not meet E.   We will use the

following lemma to show that D satisfies condition (2) for a C-subset.

4.4 Lemma.  Ass&TTze  k£N.   Then for each j£N there exists p,(j)£N such

that, for any finite subset K of Z with  | K| < k and for any z eZ, there exists z Q £

[z, z + pk(j)- j] with [zQ, z0 + j- 1] n (- K+ D)= 0.

Proof.  The proof is by induction on k.   Take  px(j) = ja(j) + j fot each / in TV.

Since D contains no /-chain of length > a(j), neither does — s + A.  for any s in Z.

Then, if z£Z, the set  [z, z + px(j)- l] O (- s + A Q) is not a /-chain.   Thus, there

exists  z0e[z, z + pj(/)- /] such that [zQ, zQ + j - l] D (- s + AQ) = 0, so the

pj(/)'s  satisfy the lemma.

Now, assume there exist Pn(j)'s  satisfying the lemma.   Let  p      .(/) = p  (p (/))

for each / e TV.   Suppose   K C Z and 1 < | K\ < « + 1.   We can write   K = K   \j \a\

where \Kj < n.   Then - K + D = (- Kn + D) U (- a + D).   Suppose  zeZ.   There

exists z0e[z, z + pn(px(j))- px(j)] such that [zQ, zQ + px(j)- l] n (- Kn + A Q) =

0.   There exists zQe [zQ, z0 + px(j) - j] such that [z¿, z¿ + / - l] O (- a + A   ) =

0.   Then z'0 is in [z, z + pn_y(j)- j] and \jz'0, z'Q + j - l] O (- K^ + A Q) = 0.

Hence, [z¿, z¿ + / - l] D (- K + A Q) = 0 and the pn+ j (;')'s   satisfy the lemma.

To complete the proof of Theorem 4.3, let 5, = [0, /^(l) - l] for each k£N.

Then if s eZ, we have 5fe + s = [s, s + Pk(l)- Û.   Suppose   K C Z and | K\ < k.

Then, by the lemma, there exists  ze[s, s + p  (1)- l] such that zjt(- K+ D).

Thus  Sk + s t - K + A0 for all s eZ, and D is a C-subset of Z.
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A locally finite group is a group in which every finite subset generates a fi-

nite subgroup.   Note that the countable locally finite groups are precisely those

groups which can be obtained as an increasing union of finite subgroups.

4.5   Theorem.   Let G be an infinite group such that G = \J {G.: i£N\ where

each  G. is a finite subgroup of G and each G. C G.   ..   Then if A is a left thick

subset of G, A contains a C-subset D of G.   Moreover, if each G. is normal in G,

then A contains a C-subset of G.

Proof. We can assume that [C.   .: G.] > 2Z+   .   Let H y = G v   There exists

dx   j eC such that dy   \£H\ and H -yd y   j C A.   Choose  G    so that H x U H yd y   , C

G   and let //, = G  .   Suppose we have defined  H., • • • , H   and d,  ,,••>, d     ,   ,
q 2 q *~ 1* '      n 7,1' '     n— 1,1

where  n> 2.   There exists  d    , £G such that d    , jt H and H d    , C A.   Choose— 71, 1 72, 1 77 72    77, 1

G. such that H   U H d    . CG. and let H   , , = G^.   In this way we get a sequence
P n n   77,1 p n + 1 p / o ^

(H.) of subgroups of G such that G = U \H{: i £N\, Hj U Hd. y C H¡   ., d. x £

H., and [f/.+ y : /L] >2i+1.   For each i in N let d. Q = e and let \d. „, d. j, • • • ,

d- _/-\} be a right transversal of H ■ in H.   ,, where d. ,   is as above.   If i, i£ N
i,m \i) ° i z + 1 ' z,l ' '

and / > i, define

Ti.j ={di.PU)di + l,p(i + l) ■■■ di-l,pU-iy 0<p(r)<m(r) fot i < r < j - l\

and let  T. . = \e\.   Let  T. = U \T■ ■: ; > i\.   Then  T■ ■ is a right transversal of

H. in H. and T ■ is a right transversal of  H. in G.   Also, T. .T. , = T. ,  if i < j <

k.   If 1 < i < k, define  Bk . = |J ¡Hd. yt: t £ 7\ + , J and let Bk = \J {B^.: 1 < z < k\.

Let D= UiiH^\Bk)dkA: ¿'> 2\.

For j £N, define '(f>.£M(G) by cf>.(f)^ \Hj\~l'ZgeH.f(gd. y ) fot all f£ 772(G).

Then if s e/V. and/e772(G) we have

0/(/)-0,.(y)=iw,-r1( Z/H 1)- Zfisgjj 1)) =0,
\6eHy g€H. ''      /

so the sequence  (<p.) is  w* convergent to left invariance.   Let <f> be a 777* limit

point of (4>■).   If 72 > 2,

7 = 1

-¿iff<iiTi+i.J-Zi»iiiffj/iÄi+ii
2=1 2=1

<|WJ^2-(2+l)s     |//n|/2_
1 = 1

Hence, r/Jn(XGXD)=|f/J-1|(G\D)n//n^jl| = |/iJ-1|Bj< 1/2.    Thus d(D)>

(f>(XD)>i/2>0.
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Now, let K be a finite subset of G and choose 772 so that K~ C 77^. We will

show that no right translate of H    , ,   is contained in HD.   We have  HD =0 777+1 777 777

ÜÍ77  (H\D.)d. ,: z> 2! C 77    U 77   d    , U U K« \h„ B,)d. , : z > m + 1 j.   Sup-
mx     l !       7,1 — 771 77!    771,1 " 7 77!      7 '    7,1 — r

pose there exists   ¿eT      . such that 77       , fi? C 77   7).   We have  H    XJ H   d     , C
r 777+1 777+1 777 mm    m,l

H      , and H      , D (J \(H\H   B )d,: i > m + l\ = 0.   We cannot have   77   ^.dC
777+1 777+1 u     !    ;      Jl      ri,l — 77! +1

H     U  H  d    ,   since [77   A , : 77  ] > 2m + 1. Hence we get 77        d C
77! tit    »1,1 L     771+1 77!      — " m+  L

x\J\(H\h   ß W. , : z > 772 + 1 !.   Since the   H d. As  are pairwise disjoint and
w Z 77!      l'    1,1 — 7     7,1 r '

H    , , C H. for each z > m + I   this implies that there exists  r > m + 1 such that
77! +  1 I — r —

7/      .a"C(77\77   B V   ,.   Then we write  77   ± .a" = 77      ,«?'«?, where d'£ T
771+1 r 77!      r'    7,1 771+1 771+1 7,1 77! + 1 , r

We get 77      ,a" Cx tf   ß   = 0.   But 7/   fi?    .¿'c H      .fi?'and 77   a7    ,fi?'c B    by the
& 771+1 m     r 77!    777,1 77! + 1 77!    77!, 1 r        '

definition of ß .   Hence  H   fi?     ,fi?'= H   H   d     ,d  C H   B , which is a contradic-
7 77!    771,1 77!      77!    771,1 771      T1

tion.   Therefore  HJ) is not left thick, so by Theorem 4.1, d(K~lD) < d(HmD)< 1.

We will use the following lemma to complete the proof.

A.6 Lemma.   Under the hypotheses of Theorem 4.5, suppose each G.  is normal

in G and let k be in TV.   Then for each je TV there exists q(k, j)eN such that for

each subset K of G with  \K\ < k and for each right coset  H  ,k    y§ of H  ,,    .,

there is a cos et   H g' of H. with H e'C H ,,    .^g and H .g' Cx K~1D = 0.

Proof. The proof is by induction on k. Let q(l, j) = / + 2 for each / £ TV. We

will show first that 77.fi?. yt Cx D = 0 fot all t £T. x, t /= e. Suppose there exists

t£T. j such that / ■/ e and H d. y CX D /= 0. Then there is an integer i such that

H.d   y Cx(H\B.yJ. , / 0.   Since  H.d. .1 C g\h.,   we must have   z > / + 1 and
It,1 7 7*1* 77,1 7+1

H d. , t C H d. ,.   There exists  t  £ T.   ,   . such that 77.fi?. , t = 77.fi?. , t d. ,.   But by
7   7,1 7   7,1 7+1,7 7   7,1     .       7   7,1 7,1 '

the definition of B.,  77.fi?. ,t C B..   Hence  H.d. ,t'd. , Cx (H\B.)d. , = 0, which
7 77,1 7 77,1 !,1 Z 7Z,1

gives a contradiction and proves our assertion.

Let g be a fixed element of G. Then g'1 H.d. y Cx g~ lD = 0 for all t £T. .,

t 4 e.   Let  H   ,j   .,fi? be any coset of W./j     y   Choose  d £T  ,j    .such that

^«(1   /)*' = ^o(l   i)^"   ^et ^ = ^+1   i if ^ = e and let  d = d   otherwise.   Then

S-1Í(X,nd'=e~1Hq(1<})gd=Hg{¿)d,andH](g-'duld'')=g-'H.d.tld"c

«*1«y+i''"<:«"1»f(i,//-fff(i,y/í.   Since  a"'eT.+ „we get  Hfg'Uf^ H

g~  D = g~  H d. .d H g~  D = 0, which proves the lemma for Te = 1.

Suppose the lemma holds for k = n.   Let a(« + 1, /) = q(n, q(l, j)) fot each

j£N.   Assume K C G and 1 < \K\ < n + 1.   We can write  7C = / U \s\ where 1 <

l/l < «.   Let  H  ,n+l   .d> be any coset of 77   ,n. x    y   By the induction hypothesis,

H^n+l,i)b = Hq(n,q(l,j))b contains a coset  Hqll¡ y0 of 77g{li ;) such that 77g(1) y0'O

}~1D=0.   Also 77 (1   .^'containsacoset 77.è" of «.such that Hb"c\s-lD = 0.   There-

fore, T7.è"n Tí"1/} =*0 and 7/yè"C Hg(1J)b'C Hq(n+lJ)b, which proves the lemma.

To complete the proof of Theorem 4.5, assume each  G. is normal in G and let

Sk = Hg(k, l)for each ¿e/V-   Suppose  K C G and | K\ < k.   If s eG, then 5fes =

W9(/i, if contains a coset  77^ of 77 j   such that 77jfi? Cx K-ÏD = 0.   Thus  S ks £

K~lD fot all s£G.   Therefore D is a C'-subset of G.
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Suppose that G is a countably infinite left amenable group and that every left

thick subset of G contains a C-subset.   Then if A is any left thick subset of G,

there is a set "- consisting of C-subsets of G which are contained in A, such that

|?I| = c and D O E is finite for all D,£e?I with D ¿ D'.   (See Chou [l, p. 780].

The argument there can be generalized.)  Hence if D, E e2I and D ¡/ £, we have

(D~\D) O (E~\E)= 0.   Since  supp Pp. C ßG\G fot each p£Ml(G), we have shown

that for each left thick subset A of G there is a set MA   of extreme left invariant

means on G such that \MA \ = c, supp Pp O supp Pv = 0 for p, v £MA with pfiv,

and  supp Pp is not a minimal set if p£MA.

4.1 Theorem.  Suppose G is an abelian group and suppose a subgroup H of G

has a C -subset B   (of H).   Then there exists a C -subset of G.

Proof.  Let T be a transversal of H in G such that e e T and let B = TB .   Let

<f> be a left invariant mean on 772(H) such that (p(xB) > 0 and let pi be any left in-

variant mean on 772(G).   If /£m(G), define Pf£m(G)by Pf(g)= <p(l f\H) tot all

g£G.   Define v£M(G) by v(f)= p(Pf) fot all f £ m(G).   Then v £ Ml(G).   If h £ H and

Z eT we have l(xB(h) = XBW = XB' <¿^> s° ^t^B^H = XB>-   Hence  PXBith' =

^/í77XbIH)=^XbIh)=^X/3')-   Thus ^(B)>KXb)=^XB)>^(Xb')>0-

Suppose  k £ N and let 5,   be a subset of H with the property that S,h </L J~  B '

tot any h in H and for any subset ] of H with  |/| < k .   Suppose  K C G and | K| <

¿.   We can write   K~ ' = \J {¡¡Kr. 1 < 2 < 72S where each K. C H, n < k, and tx, • • - ,

tn£T.   Let K'=\J\K{: I <i<n\ and let KQ=\J{tiK':l< i <n\.   Then.K_1C

K0, \K'\ < ¿, and |K0| < ¿2.   We will show that Sks <£ KQB fot all s£G.   We have

KQB = \J\tiK'TB'\= \J\tX' tB': l<i<n, t£T\.   For each i < n and t £ T let

g •      be the unique element of T such that t .K t C g.    W and let K.  , = g~; , t-K t C

H.   Then, for fixed 2, the set [g¿    : te Ta is a transversal for W in G.   If d£T, let

Kd = (J {K. ,:$. t = ¿I.   Note that \K. J = |K'| < k, so |Kj < w|K'( < ¿2.   We

have  f<0B ='U \'g. tK. (B': 1 < i < n, t£T\= \J \dKdB': d£T\.   Also,SktHC

Hth = tH fot all t £ T and h £ H.   Suppose 5kth C KQB fot some t £ T and h £ H.   Then

we would have tSkh = 5feri C KnB O r/7 = ¿/(^ '.   This gives Skh C K(B0, which

contradicts the definition of 5^.   Hence Skg Çt KQB 3 K~lB fot all g£G, so B is

a C   subset of G.

4.8 Corollary.  // G is an infinite abelian group then G has a C'-subset and

there is an extreme left invariant mean <f> such that <p is not in the w* closed con-

vex hull of the set \p£Ml(G): supp Pp is a minimal set].

Proof. G has either a subgroup which is isomorphic to Z or a countable peri-

odic subgroup. Thus, by 4.3 and 4.5, G has a subgroup with a C -subset. By 4.7,

G has a C -subset and Corollary 3.12 gives the result.

The next theorem can be proved by methods similar to those used in the proof

of Theorem 4.7.   We omit the proof.
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4.9 Theorem.  If S is an infinite abelian cancellation semigroup, then S has a

C -subset.

4.10 Proposition.  Let G be a left amenable group with a normal subgroup H.

Suppose  G/H contains a C-subset [C -subset] B.   Then G contains a C-subset

[C -subset].

Proof.   Let T be a transversal of H in G and let  TQ = \t£ T: tH £ B\.   Let 0 be

a left invariant mean on m(G/H) such that 0(Xß) > 0 and let 0 be any left invari-

ant mean on m(H).   If f£m(G), teT, and h£H, then $(lthf\H)= W hl tf\ H) =

0(//)H).   If fem(G), define Pfe m(G/H) by Pf(tH)= 0(//|H); then   Pf does not de-

pend on T.   If we let p(f) = <f>(Pf) fot all f £m(G), then p is a left invariant mean on

m(G).   Let A = TQT7 C G.   If tH£B, then ¡HC/t so 77 C t~1A and ¿^(A^

Xt_yA(b)= 1 for all AeTY.   Thus  Pxi4(/ß)=l.   If rßeß then A O fß = 0, so

í-1A n 77 = 0 and l(xA(h)= 0 for all h £H.   This gives  PX/4 (tH) = 0.   Thus,PyA =

XB and 5(A) > pO^) = 0(Xß) > 0.

Let K be a finite subset of G and let i be the canonical map of G onto  G/ß.

Let / C G/H be a finite set such that Jy £ i(K)~lB fot all y£G/H.   Let  V =

{ieT: tHeJ\.   Suppose there exists g£G such that Vg C 7C~ A.   Then we would

have Ji(g)= ¿(Vg) C z'(K-1A)= z'(K)-1B which is impossible by the choice of /.

Hence A is a C-subset of G.

Now assume ß is a C -subset of G/ß.   If k £N, let 5,   be a finite subset of G/H

such that Sky C K~XB fot all K C G/ß with | K\ < k and for all y e G/ß.   Let  Vk =

UeT: ¿77 65^.   Then if J CG,  \]\ < k, and geG, the assertion  V^g C J~lA would

imply that S,i(g)C i(J)~  B, which contradicts the definition of 5,.   Therefore A

is a C -subset of G.

4.11 Proposition.   Let G be a left amenable group and let H be a subgroup of

finite index in G.   Suppose A is a C-subset Í.C -subset] of H.   Then A is a C-subset

[C -subset] of G.

Proof.   Let 0 be a left invariant mean on m(H) such that 4>(Xa) > 0.   If /e 772(G),

define P/6772(G) by Pf(g) = 0(/g/|H) for all g £G.   Choose 0 £ Ml(G) and define

peAi(G)by p(/)=0(P/) for all/ £ m'G).   Then p e MT(G).   If h £ H, then PXa (h) =

^¿XaIh^«^)-   If gec\ß, thenPXA(g)=0(/gXA|H)=0Ocg_MnH)=O.

Thus  PXa = 0(Xa )xh.   Also, p(xH)=[G:ß]-1.   Thus ¿(A)> p(XA) = 0(x4)p(xi/)

> 0.      It is clear that A satisfies the second condition for a C-subset [C  -sub-

set] of G.

4.12 Theorem.   Every infinite solvable group G contains a C -subset.

Proof. Let HQ = \e\, Hx, • • < , 77 = G be a normal series for G such that

Hi/Hi_x is abelian for 1 < i < ». Since G is infinite we can define 772 =

suplz: H./ß._j  is infinite!.   Then by 4.8, H   /H   _x  has a C -subset. Thus, by
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4.10, H     contains a C -subset.   If  H    = G we are done.   Otherwise, for  0 < p <' 772 772 ' —   r   —

72 - 7?2 - 1, H    , .   contains a C -subset implies, by 4.11, that H      .   , ,   contains a
'        772 + p r •       ' ' 772 + p+l

C -subset.   By induction, H   = G contains a C -subset.J '        72

We do not know whether there are any left amenable semigroups 5, aside from

those which have finite invariant subsets in ßS  (see [5Í), which do not have C-

subsets.
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