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ABSTRACT. Let S be a left amenable semigroup. We show that if S has a
subset satisfying a certain condition, then there is an extreme left invariant
mean on S whose support is not a2 minimal closed invariant subset of 3S. Then
we show that all infinite solvable groups and countably infinite locally finite
groups have such subsets.

1. Introduction. If S is a left amenable semigroup with the discrete topology
and BS its Stone-Cech compactification, then § acts on 85 by the continuous ex-
tension to 8S of left translations by elements of S. There is a one-to-one corre-
spondence between the ergodic measures on S and the extreme points of the set
of left invariant means on m(S). It is easy to show that every minimal closed in-
variant subset of 85 is the support of at least one ergodic measure. Wilde, in
[8], gives a condition for the support of every ergodic measure on BS to be a mini-
mal closed invariant set, and Chou has proved that there are ergodic measures on
BN without minimal support [1].

In $3 we show that a necessary and sufficient condition for the existence of
such nonminimally supported ergodic measures is the following: § has a subset A
such that ¢(XA) > 0 for some left invariant mean ¢ on m(S), but gll(x ) <1
for every left invariant mean ¢ and every finite subset K of S. In §4 we prove that
every countably infinite locally finite group contains such a subset and that every
infinite solvable group has a subset A with the following stronger property: ¢(x,)
> 0 for some left invariant mean ¢ on m(S), and for each positive integer k there
is a finite set §, C § such that §;s ¢ KA for every s € S and every subset K
of $ with |K| < k.

2. Preliminaries. We will follow Day [2] for notation and terminology on in-
variant means. Let § be a semigroup, m(S) the Banach space of bounded real func-
tions on § with the sup norm, m(S)* the dual of m(S), and /,(S) the space of real
functions € on § such that ||6]|, = Z__c |6(s)| is finite. Let O denote the isometry
from 1,(S) into m(S)* given by QO(f) = ZSES (s)0(s) for O €1,(S) andf € m(S). ¥ we
identify each element s of § with the characteristic function X{s} in 1,(5), we get
Os(f) = f(s) for all fem(S)*. For s in S, the operator ls from m(S) into m(S) is
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defined by lsf(z) = [(st) for all t in S and f in m(S). Let l: be the adjoint of ls.

M(S) will denote the set of means on m(S), and MI(S) the set of left invariant
means. We will regard S as the set of multiplicative means with the w* topology.
If Uis a subset of BS, U~ will denote the w* closure of U. If A CS, then (QA)~
is open in BS and all the open and closed subsets of BS are of this form. B is
extremally disconnected and the open and closed sets form a base for the topology.
For other properties of BS, see Gillman and Jerison [3].

The Arens multiplication @on m(S)* is defined as follows: If u, v em(S)* and
f€m(S), let pOV(f) = p(v ©f) where v O f(s) = v(I_{) for all s€S. This multiplication
makes m(S)* into a Banach algebra. We will use the following properties of © (see
Day [2]):

(1) M(S) and BS are each closed under ©. (2) If s€S and p€m(S), then
QsOp=1%p. (3) Q(st)=Qs0Qt forall s, teS. (4) If vem(S)* is fixed, then the
mapping p — pOv is w*w* continuous. If 6€/,(S) is fixed, the mapping p—
Q0 Opu is w*w* continuous. (5) If peMI(S)and v € M(S) then p Ov € MI(S) and
vOu=np.

Let C(BS) be the space of real-valued continuous functions on S. Let T be
the isometric algebra isomorphism C(BS) onto m(S) given by Tf(s) = f(Qs) for all
s€S and fem(S). Define P from m(S)* onto C(BS)* to be the adjoint of T. By the
Riesz representation theorem we can regard C(8S)* as the space of regular Borel
measures on f3S.

If KCSand UCPS, let QK1 U={ueBS: 0sOpueU, for some s €K}. If
ACS, let K-1A = {teS: st€A for some seK}. If pem(S)*, then p € MI(S) iff Py
is a probability measure on S such that Pu(@s=' @ U)= Pu(U) for each s €S and
each Baire subset U of 8S. Pp is called invariant if p is left invariant. If § is an
infinite right cancellation semigroup and p € MI(S) then Pu(QS) = 0.

An invariant probability measure A on BS is called ergodic if A(A) =0 or A(A)
= 1" for all Baire sets A which satisfy A(A AQs~10A)) = 0for each s€S. A left
invariant mean g on m(S) is an extreme point of the convex set MI(S) iff Pp is
ergodic. (See Phelps [7, p. 811.)

A nonempty subset U of BS is said to be invariant if Qs @ U C U for all s€S.
In this case we have w ® UC U for all w € 8S. U is called minimal if it is closed
and invariant and minimal with respect to this property. I w €3S, let o(w) =
{0s Ow: s€S}. Then o(w)™ is a closed invariant set.

If S is left amenable and F is a closed invariant set, then for each w € F and
pEMIS), P(nOw) is an invariant measure with support contained in F. The fol-
lowing proposition was proved by Wilde and Witz [9, p. 583] for the case where S

has two-sided cancellation.

2.1 Proposition. If S is a semigroup and p€ MI(S) then the support of Py is

an invariant set.
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Proof. Suppose w €supp Py and s€S. Let QA~ be a basic open neighborhood
of Os ©w. Then 0s-10 QA" is open and contains w. Thus, 0< PI,L(Qs"l ©QA™)
= Pu(QA~). Since QA was arbitrary, we get Os ©w € supp Pp.

We say that an element w of S is a left almost periodic point provided that
for every neighborhood U of w there is a subset A of § satisfying: (1) there exists
a finite subset K of S such that § = K™!4, and (2) Q4@ w C U.

3. Minimal sets and supports of invariant measures. In this section we consider
the relations among the set AS of almost periodic points in S, the set BS of ele-
ments of S which belong to some minimal set, and the set KS of points which are
in the support of some invariant measure. We prove that AS = BS and A5 C K5 for
any left amenable semigroup S. The main result is Proposition 3.4 in which we
show that if S has a C-subset, then KS\AS £ @.

From now on § is always assumed to be a left amenable semigroup. It is proved
in Gottschalk and Hedlund [4, p. 32] that if S is a group then AS C BS. We extend
this by the following proposition.

3.1 Proposition. If S is any left amenable semigroup, then AS = BS.

Proof. First, let T be a minimal subset of BS and assume w€T. Since T is
minimal, T = o(w)~. Let U be an open neighborhood of w and suppose there exists
an element v in T\(QS"l OU). If seS, then Os Ov is in T since T is invariant.
If Os Ovis in OS~! ® U, there exists t €S such that Q(ts) © v = Ot ©Qs Ovel.
Then we get v € Q(ts)‘l O® U, which contradicts our assumption that v is not in
0S=! ®U. Hence we must have Qs 01/€T\(QS"l Q U), so T\(QS"1 OU) is a
closed invariant set. Since T is minimal, this implies that T N ©s-lou)=¢.
But then  is not in 0S~! ® U and o(w) N U = @. This is a contradiction since U
is open and €T = o(w)~. Therefore, T\(QS~! ©U)= @ and TCQOS~! OU.
Since T is compact, there is a finite subset K of S such that T C 0K~ ®U. Let
A={s€S:0s OweU}. If s€S, there is a k€K such that Q(ks) Ow = Qk ©0s O
€U, so ks €A. Hence S = K~1A and we AS,

Now, assume w €A’ and let T be a minimal subset of o(w)~. Suppose @ is
not in T. Let U be an open neighborhood of @ such that U= N T = . § has a sub-
set A and a finite subset K such that QA @w C Uand § = K-!A. Since k€K,
s€S, and ks €A implies that Os ©® we Qk~! ©QA ©w C Qk~! O U, we have o(w) C
QK1 ©U. Hence o)~ C(QK~! @U)~ COK~! @U~. If k€K and (Qk~! OU™)N
T # @, for some p€BS we would have Qk OpeU~N (Qk ©T)C U~ N T = @, which
is impossible. This gives T C (o(w)™ N T)C (QK~! @ U~)N T = @, which contra-
dicts T # @. Therefore, w € T.

3.2 Corollary. AS C KS.

Proof. If T is minimal and contains the support of Py, then T = supp(Pp).
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If ACS, we define d(A) to be sup{p(x 4): ¢ € MI(S)}. Mitchell [6, p. 253]
proved that for each f in m(S), the set {d(f): p€MI(S)} is a closed interval. Hence,
d(A) =1 iff ¢(XA) =1 for some ¢ € MI(S).

If ACS, we call A a C-subset of S provided that

(2) d(A)> 0, and

(b) d(K~1A)< 1 for every finite subset K of §.

3.3 Lemma. If S is a semigroup, A CS, and s€S, then 0s~lo@QA- =
©@s™1 @ 04)™ = (s~ 14)".

Proof. Clearly, Q(s"lA )y C(QS'l ® QAY C Qs"l ©QA~. Suppose w oEQs‘1 ©
QA~. Then Os Ow€QA™. Let (Qt,) be a net in QS which converges to . Then
lim Q(sty) = lim (Qs ©Qt,)= Os @w €QA™. Since QA” is open, there exists a
such that a> a, implies Q(st,) €QA™. But QS NQA™ = QA, so st € A fora> a,
and thus ¢, € s~lA. Hence w = lim Qt,€ Q(s~1A)", which shows that Qs"l ©
QA= = Q(s~1A).

3.4 Proposition. Suppose S contains a C-subset A, Then QAT N ASy = ¢
and KS N QA~ £ @ (and thus AS G KS).

Proof. Assume there exists w € QA~ N AS. Then, since QA™ is open, S has
a subset B and a finite subset K such that S = K~!B and 0B 0w C QA~. Thus,
o(w)=0(K~'B)®w CQK"1 00B ® w CQK~! ®©QA~ = Q(K~!A)", by Lemma 3.3.
Therefore, o(w)~ C Q(K~ 14y, Since o(w)™ is a closed invariant set, there exists
@ € MI(S) such that supp(P¢) C Q(K~ 14 Y". Then ¢(XK_ IA) =1, which contradicts
the definition of C-subset. Thus QA~ N AS = @. Since QA™ is open, QAT N (ASy =
@. But, since 4(A)> 0, QA= N KS £ @.

3.5 Corollary. Suppose S has a C-subset A. Then there is an extreme point ¢
of MI(S) such that the support of P is not a minimal set.

Proof. There exists i € MI(S) with /(x4) > 0, so there is an extreme point ¢
of MI(S) with ¢(x4) > 0. Then QA™ N supp(P¢) £@. But QAN AS = @, so by
Proposition 3.1, supp(P¢) is not a minimal set.

Chou implicitly proves 3.4 and 3.5 in [1] for the case where S = N. Since
QAT N (ASy =@ in Corollary 3.5, we have actually shown that the support of P¢
properly contains the closure of the set U {T C supp(P): T is a minimal set}.
Thus ¢ is not in the w* closed convex hull of the set {u € MI(S): supp(Pp) is a min-

imal set}.
3.6 Proposition. Suppose S does not have any C-subsets. Then KS Cc A5y

Proof. Let w be in K5 and let U be an open neighborhood of . There is a
subset A of S such that w €QA™ C U. There is a left invariant mean ¢ with
¢‘(XA) > 0. Since A is not a C-subset of S there is a finite subset K of S such
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that d(K~ 1A) = 1. Thus there exists Y € MI(S) such that supp(Py) C Q(K"'IA)_.
Hence there is a minimal set T C Q(K'IA)" C QK"1 ©QA~. Choose w,€ T and
k€K so that QKO w,€QA™ C U. Then Qk Quw,eTNU,soUN AS £ @ by Prop-

osition 3.1. Since U was arbitrary, we get eAS.

4. Semigroups with C-subsets and C'-subsets. In this section we prove the
existence of C-subsets for certain semigroups.

Z will denote the additive group of integers, and N the positive integers. If
x,y€Z, let[x,yl ={a€Z:x<a<yl. If kEN, a k-chain is a subset A of Z such
that |c - d|< k whenever ¢ and d are two consecutive elements of A. A k-chain A
has length n if |A| = n. If B is a set, |B| denotes the cardinality of B.

A subset A of a semigroup S is called left thick if for every finite subset K
of §, there exists s, €5 such that Ks CA. We need the following theorem.

4.1 Theorem (Mitchell [6, p. 257]). If S is a left amenable semigroup and A C
S, then d(A) =1 iff A is left thick.

A subset A of S is said to be a C'-subset of S if

(1) d(A)> 0, and

(2) for each k€N, there exists a finite subset S,e of S such that forall s'e€
S and K C S with |K|< k we have Sks'¢ K-1A.

Condition (2) implies that for each finite set K, K='A is not left thick, so by
Theorem 4.1, every C -subset of § is a C-subset.

Chou [1] has constructed a C-subset of N (or Z). We will generalize this con-
struction to show that Z (or N) has a large number of C'-subsets.

4.3 Theorem. If A is a left thick subset of Z (or N), then A contains a C'-sub-
set D of Z (or N).

Proof. We will prove the proposition for Z. Either AN Nor A N (- N) is
left thick. We will assume A N N is left thick; a symmetrical argument works in
the other case.

By the definition of left thickness, there exists b, in A such that b, = b, +
1 iA. L‘et B, = {bl, bzi. Assume B,, B,,---, B, and b, +, bp, where p =
Ei -1 2%, are defined. There exists bp+ 1 €A such that bp+1 > bp and By, =
(by 10 bypr+ 2k-1 _1]1CA. Let bpyis1=bpyq +iforj=0,1,.-, 2k+1 g,
Then B = \J{B,: ke N} is a left thick subset of A.

Let Al = {bl, b,, baf. Assume we have constructed A,,---, A . Let a(n)=
|A,| and let d(n) = |{b,€B: b, < supA_, b.€A }|. Define A, =4,V
Yoty +dm 4 4 7 b €A 256y 4 2dmy 4 2 4 j° b € Ak Let D=UlAzi Nl
If we let J ={i:b,€A } for eachn in N, then we get Jos1=1,0U, +n+
supJ IV (J,+2n+2sup] ).

For n in N, define ¢n in M(Z) by ¢n(f) = (1/n) E?ﬂ f(b;) for all f in m(Z).
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We will show that the sequence (¢n) is w* convergent to left invariance. For

each n, let k(n) be the integer which satisfies bn € Bk(n y Then n > 2k() _ 1, and

|#,()-¢ (/)= % D)~ f(b; + 1)
i=1

> ) -[b,+1)

< 2|\ |k(n)/n < 2||f || k() /2RO 1,

Thus lim|¢ (/) - é,Nl=0. Let ¢ = Dan) + d(n) for €ach n in N and let  be
a w* limit point of the sequence (¥ ). Then ¢ € MI(Z). We have

l//n(xD) =|DnNn {bl, by s ba(n)+d(n)}|/(a(") + dn)) = aln)/(aln) + d#n)).

We have a(n + 1) = 3a(n) for n in N, and a(1) = 3. Hence a(n) = 3" for each n. Also
dn+1)=3d(n) + 2n for n in N and d(1) = 0. Hence d(n)=1-n+ (3" - 3)/2. This
gives ¥ _(xp)=3"/B3"+1-n+ (3" - 3)/2)>2/3, so d(D)> ¢i(xp) > 2/3.

Note that if k€N, every k-chain in D has length < a(k). Also, if E is a k-chain
of length n then (supE - infE)< (n - 1)k, and if y — x > nk + k then [x, y] con-
tains an interval of the form [p, p + & — 1] which does not meet E. We will use the

following lemma to show that D satisfies condition (2) for a C “subset.

4.4 Lemma. Assume k€N. Then for each jEN there exists p ()€ N such
that, for any finite subset K of Z with |K| < k and for any z € Z, there exists z
Lz, z + b, ()~ flwith [z(, zg+ j- 1) N (- K+ D)= @.

0€

Proof. The proof is by induction on k. Take p,(j) = ja(j) + j for each j in N.
Since D contains no j-chain of length > a(j), neither does — s + A, for any s in Z.
Then, if z€Z, the set [z, z + p,G)- 11N (-s+ AO) is not a j-chain. Thus, there
exists zg€lz, z + p,(7) - jl such that [z, z;+j - 11 N (= s + Ay) =@, so the
p,(j)’s satisfy the lemma.

Now, assume there exist ?,(j)’s satisfying the lemma. Let b,, ()= pn(pl(j))
for each j€N. Suppose KCZ and 1 <|K| <n+ 1. We can write K = K, u la}
where |K | <n. Then - K+ D = (- K,+ D)V (- a+ D). Suppose z€Z. There
exists z,€lz, z + f’,,(Pl(f))‘ p1(D) such that [z, z+ p,(N- 11N (- K + 4=
@. There exists zy€ [zo, 2o+ p,() - 7l such that [z(’), Zo+j- Nn(-a+ A=
@. Then z{is in [z, z +p, 1) =-iland [2f, z{ +j- 11N (- K, +4,)=0.
Hence, [2{, z{ +j- 11N (- K+ A= @and the p,, | (j)’s satisfy the lemma.

To complete the proof of Theorem 4.3, let Sk = [o, p,(1) - 1] for each k€N.
Then if s€Z, we have S, +s=[s, s+ p,(1)- 1]. Suppose KC Z and |K| < k.
Then, by the lemma, there exists z€[s, s + p,(1) = 1] such that z£(~ K + D).
Thus S, + s €~ K+ A for all s€Z, and D is a C " subset of Z.
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A locally finite group is a group in which every finite subset generates a fi-
nite subgroup. Note that the countable locally finite groups are precisely those

groups which can be obtained as an increasing union of finite subgroups.

4.5 Theorem. Let G be an infinite group such that G = {J {Gi: i €N} where
each G, is a finite subgroup of G and each G, C G, ,. Then if A is a left thick
subset o/' G, A contains a C-subset D of G. MoreOUer, if each G, is normal in G,
then A contains a C“subset of G.

Proof. We can assume that [G“_l: Gl> 2+ Let H, = G,. There exists
dl, 1 €G such that dl, 1£H, and Hldl, ; CA. Choose G, so that H; U Hldl, e
Gq and let H, = Gq. Suppose we have defined H,,---, H_ and dl,l!"’ , dn-l,l
where n > 2. There exists d, ,1€G such that d, l;éH and H d, 1 C A. Choose
G such that H U H d , C G and let H | = G In this way we get a sequence

n n,l
(H) of subgroups of G such that G= U{H zeN} H,UHd.  CH, d, | £

ii,l i+1?

H, and[H H]>2’+l Foteachszletd o_eandlet{d v d; et
b}

d: m(z)} be a nght transversal of H, in H; s 1 where d"I is as above Ifi, jeN

and j > i, define
Ti". ={di.p(i)di+1,p(i+1) d]_l pG—1) 0<p(r) <mlr) for i<r<j—1}

and let T, ,={e}. Let T,= U{T 2j>il. Then T, j is a right transversal of

H; in H, and T, is a right transvetsal of H;in G. Also, T, ]T] = T1; ik ifi<j<
z,

b E1<i<k, define B, ;= U Hd, &: t€T+lk}andletBk U{B :1<i<hl
Let D= U{(H\Bk)dkl k>2}

For j€ N, define ¢, € M(G) by ¢ (/) = IHI'IdeH fgd; 1) for all f em(G).
Then if s EH and f€ m(G) we have

¢, -1 [)= |H’.|—l( 2 fled; |)- > flsgd, 1)) =0
8€H]- EEH]‘ ’ E

so the sequence (¢~].) is w* convergent to left invariance. Let ¢ be a w* limit

point of (¢.). I n>2,

n-1
lBJEEE:an,A
i=1

n—1 n—1

- Z; H AT, ) = 20 B H, 1/ 1, |
1= i:l

n—1
<IH,| Y 27D <y /2,
i:l

Hence, ¢ _(xc\p) = |Hn|‘1|(G\D)andn’I| =|H,|"'|B,| <1/2. Thus d(D)>
P(xp)>1/2> 0.
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Now, let K be a finite subset of G and choose m so that K~!c H . We will
show that no right translate of H _, is contained in H _D. We have H D=
Uin, (H\D ), y:i> 21 CH, U H d, 0 UIH\H,BM, 1i>m+ 1}. Sup-
pose there exists d€T__, such that H me14 CH_D. We have H U Hmafm’1 C
H,,yandH_ ;N U{(H\H B\, :i>m+1}_¢ We cannot have Hm+1dC
H U Hd, 1 since [H :H ] > 2"‘+l Hence we get Hm+1d C
U{(H \H B )dz 18 i m+ 1} Smce the H d )1 ’s are pairwise disjoint and
H CH, for each i>m+ 1 this implies that there exists 7> m + 1 such that
Hm+1a'C (H\H B )a’r - Then we write H_,d= Hde d, 1 where d'€Tm+1 .-
We get H dﬂHB—Q But H d a’CH dande dCB bythe
definition of B,. Hence H d d H_ H a, d CH B,, whrch is a contradrc-
tion. Therefore H D is not left thick, so by Theotem 4 1 d(K= 1D) < d(H D)< 1.

We will use the following lemma to complete the proof.

m+1

4.6 Lemma. Under the bypotheses of Theorem 4.5, suppose each G, is normal
in G and let k be in N. Then for each j€N there exists q(k, j)€N such that for
each subset K of G with |K| < k and for each right coset Hy, 8 o Hoe, iy
there is a coset H,.g' of H; with H].g'C H, @, ;8 4nd ng'ﬁ K-'D=@.

Proof. The proof is by induction on k. Let g(1, j) =+ 2 for each j€N. We
will show first that H, d 1t ND=@forall teT, FIeY
teT. 41 such that t;é e and H a' Rt NDZ£Q@. Then there is an integer i such that
Hd at ﬁ(H\B )dl £ @, Smce Ha' ltCG\H , We must have i>j+ 1 and
Hd ltC Hd, . There exists ¢ GT ie1,i such that Ha' = Hd 1! dz,l' But by
the defmrnon of B, H]d 1t C B, Hence H d Rl d ﬂ (H \B )d = @, which
gives a contradrctron and proves our assertron

Let g be a fixed element of G. Then g lH d 1t N g"lD @ for all tET
t#e. Let H 21, j)? be any coset of H_ i Choose d'eT at, jysuch that

_sl ])d Hq(l ,)gd Let d"=d, e, 1 ifd'=e andllet d" d' otherwrse ) Then
g Hq(l,,)d _g Hq(1 ])ga' H ;% and H(g™'d, 1d")= g~ Hd 14 C
g~ H;+1d”c - Hq(l j)d Hyq, i3 Smce d"eT. +l,we get H(g'ld ¥ hXal
g D=g" Hd d"ﬂ ~1D = @, which proves the lemma for k— 1.

Suppose the lemma holds for k=n. Let q(n + 1, j) = q(n, q(1, j)) for each
jEN. Assume KCGand 1< |K| <n+1. We can write K= ] U {s} where 1 <
|Jl <n. Let Hq('w1 ’)b be any coset of H aln+1,7) By the induction hypothesis,

t # e. Suppose there exists

q(n+l,])b Hq(n a1, ]))b contains a coset H a1, ])b ‘of H (L, )such that H (I’J)b N

J"ID=@. Also H, b contains a coset Hb of H, such that H, 5"Ns~1D=@. There-
-1
fore, H.6"N K b- ¢ande CH,q, ])b CHq(Ml’]
To complete the proof of Theorem 4 5, assume each G, is normal in G and let

Sp = Hq(k 1y for each k€N. Suppose K C G and |K| < k. If s€G, then Sps =
Hq(,e 1)S contains a coset H,d of H, such that H;d N K~ 1D = @. Thus S ¢
K=1D for all s €G. Therefore Disa C ‘.subset of G

& whrch proves the lemma.
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Suppose that G is a countably infinite left amenable group and that every left
thick subset of G contains a C-subset. Then if A is any left thick subset of G,
there is a set ¥ consisting of C-subsets of G which are contained in A, such that
|%| = c and D N E is finite for all D, E €% with D £ D'. (See Chou [1, p. 780].
The argument there can be generalized.) Hence if D, E€W and D # E, we have
(D'\D) N (E‘\ E)= @. Since supp PpC ,BG\G for each p € MI(G), we have shown
that for each left thick subset A of G there is a set M, of extreme left invariant
means on G such that |M,| = c, supp PuN supp Pv =@ for p, vEM, with p# v,
and supp Pp is not a minimal set if peM,.

4.7 Theorem. Suppose G is an abelian group and suppose a subgroup H of G
has a C'-subset B' (of H). Then there exists a C'-subset of G.

Proof. Let T be a transversal of H in G such that e€T and let B= TB'. Let
¢ be a left invariant mean on m(H) such that ¢(xg) > 0 and let p be any left in-
variant mean on m(G). If f€m(G), define Pfem(G) by Pf(g) = d)(lg/]H) for all
g€ G. Define v €M(G) by v(f) = u(Pf) for all fem(G). Then veMI(G). If h€H and
t€T we have [ xg(h) = xg(th) = xgi (h), so (I,xg)ly = Xg+- Hence Pypg(th)=
¢, Xpln) = U,Xply) = Slxp) Thus d(B)2vixp) = u(PXp) 2 Plxp:) > 0.

Suppose k€N and let S, be a subset of H with the property that § &P Z ]"IB
for any b in H and for any subset J of H with |J| < k%. Suppose KC G and |K| <
k. We can write K=1 = U {tiKi: 1 < i < n} where each K;CH, n<k,and t;,-+,
t,€T. Let K'=U{K;:1<i<n}andlet Ky=U{t,K':1<i<n). Then K~1C
Ko, |K'| <&, and |Kg| < k2. We will show that S,s £ KB for all s€G. We have
K,B=U {tiK'TB'} =y {tiK' tB':1<i<m, teT}. Foreach i<nand t€T let

. be the unique element of T such that ¢,K't C g; Handlet K,  =g7 ViK't C
H. Then, for fixed i, the set {gi :t€T}is a transversal for H in G If deT let

U{Kl £ 8 , = di. Note that IK; | =1K'| <k, so|K,| <n|K'| <k2. We
have K 0B = U{gl K B't1<ign, feT) - U{dK,B': deT}. Also, S tH C
Hth = tH forall t€T and h€H. Suppose S, th C KB for some t€T and b €H. Then
we would have t§,h=5,thCKiBN tH= tK, B'. This gives S, b C K B, which
contradicts the def1mt1on of Sk Hence S g s Ky,B D K~ g for all g€G, so B is
a C' subset of G.

4.8 Corollary. If G is an infinite abelian group then G has a C'-subset and
there is an extreme left invariant mean ¢ such that ¢ is not in the w* closed con-
vex hull of the set {y € MI(G): supp Py is a minimal set}.

Proof. G has either a subgroup which is isomorphic to Z or a countable peri-
odic subgroup. Thus, by 4.3 and 4.5, G has a subgroup with a C -subset. By 4.7,
G has a C'-subset and Corollary 3.12 gives the result.

The next theorem can be proved by methods similar to those used in the proof
of Theorem 4.7. We omit the proof.
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4.9 Theorem. If S is an infinite abelian cancellation semigroup, then S bas a
C'-subset.

4.10 Proposition. Let G be a left amenable group with a normal subgroup H.
Suppose G/H contains a C-subset [C'-subset]l B. Then G contains a C-subset
[C'-subset].

Proof. Let T be a transversal of H in G and let T =1{t€T: tHeB}. Let ¢ be
a left invariant mean on m(G/H) such that ¢(xg) > 0 and let ¢ be any left invari-
ant mean on m(H). ¥ fem(G), teT, and b€H, then xﬁ(ltb/IH) = ‘/'(IblzﬂH) =
YU fly). If [€m(G), define Pf€em(G/H) by Pf(tH) =¥l fly); then Pf does not de-
pend on T. If we let u(f) = ¢(Pf) for all { em(G), then p is a left invariant mean on
m(G). Let A= T HCG. If tHEB, then tHC A so HCt™'A and Iy, (b) =
X,-14(b) =1 for all h€H. Thus Px,(tH)=1. If tHEB then AN tH = @, so
t"'ANH=@and I x,(b)= 0 for all beH. This gives Px,(tH)=0. Thus, Px, =
X g and E(A)Z wxq) = ¢(xB) > 0.

Let K be a finite subset of G and let i be the canonical map of G onto G/H.
Let ] C G/H be a finite set such that Jy £ i(K)~!B for all y€G/H. Let V =
{teT:tHe]}. Suppose there exists g€G such that Vg C K~ 1A. Then we would
have Ji(g)= i(Vg) C i(K~'A)= i(K)~'B which is impossible by the choice of ]J.
Hence A is a C-subset of G.

Now assume B is a C'-subset of G/H. If k€N, let S, be a finite subset of G/H
such that §,y C K~=1B for all K C G/H with |K| < k and for all ye G/H. Let V=
{teT:tHeS,}. Thenif ] CG, |J| <k, and g€G, the assertion Vg C J~'A would
imply thact § i@ C i(])‘lB, which contradicts the definition of S x+ Therefore A
is a C'-subset of G.

4.11 Proposition. Let G be a left amenable group and let H be a subgroup of
finite index in G. Suppose A is a C-subset [C'-subset] of H. Then A is a C-subset
[C'-subset] of G.

Proof. Let ¢ be a left invariant mean on m(H) such that D(x4) > 0. If fem(G),
define Pf€m(G) by Pf(g) = ¢(lg[|H) for all g€G. Choose Y € MI(G) and define
€ M(G) by p(f) = Y(Pf) for all fem(G). Then p€MI(G). If heH, then Px,(h) =
$UyXalp) = Blxa)- T g€G\H, then Px,(2) = $(l X4 ly) = B 1405 = O-
Thus Px, = ¢lx, Xy Also, plxy) =[G HI™1. Thus d(4)2 plx,) = Blxa)rOxy)
>0. It is clear that A satisfies the second condition for a C-subset [C'-sub-
set] of G.

4.12 Theorem. Every infinite solvable group G contains a C'-subset.

Proof. Let Hy={e}, H),--+, H =G be a normal series for G such that
Hi/Hi-l is abelian for 1 < 7 < n. Since G is infinite we can define m =
supli: H,/H,_, is infinite}. Then by 4.8, H_/H__, has a C'-subset. Thus, by
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4.10, H  contains a C'-subset. If H =G we are done. Otherwise, for 0 < p <

n-m-1, H contains a C -subset implies, by 4.11, that H | contains a

m+p

m+p +
! . . . !
C -subset. By induction, H = G contains a C -subset.

We do not know whether there are any left amenable semigroups S, aside from
those which have finite invariant subsets in 8S (see [5]), which do not have C-
subsets.
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